Abstract. Uniform characterizations of certain special subspaces of products of lines are presented. The characterizations all involve a collection of subsets (base, almost subbase, network or point network) organized by a directed set. New characterizations of Eberlein, Talagrand and Gulko compacta follow.
Introduction
The purpose of this paper is to give uniform characterizations of certain special subspaces of products of lines that arise in analysis. The characterizations all involve two objects: first an order, and second a collection of subsets of the space 'organized' by the order. For the collection of subsets we take bases, almost subbases, networks and, most importantly, point networks. As a result we derive some new (and re-derive some old) characterizations of Eberlein, Gulko and Talagrand compacta. The characterizations in terms of point networks yield new clean proofs that the continuous image of a compact space which is Eberlein, Gulko or Talagrand has the same respective property. Rudin's original proof [2] that the continuous image of an Eberlein compact space is Eberlein compact is widely acknowledged to be involved.
Partial Order Preliminaries. All our partially ordered sets, P , will be directed (given p, q in P there is an r in P such that r ≥ p and r ≥ q). It turns out that what is important about our directed sets happens cofinally. So we compare directed sets P and Q via the Tukey order. A map φ : P → Q is a Tukey quotient if φ is order-preserving and φ(P ) is cofinal in Q. Write P ≥ T Q if there is a Tukey quotient of P to Q. We say 'P and Q are Tukey equivalent', and write P = T Q, if P ≥ T Q and Q ≥ T P . We note that P ≥ T P × N unless P is countably directed (every countable subset of P has an upper bound).
The results in the first section of this paper apply to all directed sets P . In the second section we improve the characterizations obtained in the first part by using specific properties of the partial orders associated with Eberlein, Talagrand and Gulko compacta -respectively: the natural numbers, N, the product order on N N , and the set of compact subsets, K(M ), ordered by inclusion, of a separable metrizable space M . It is now well-known that K(N N ) = T N N ≥ T N ≥ T 1; for compact M , K(M ) = T 1; for locally compact separable metrizable M , K(M ) ≥ T N; and for any non-locally compact separable metrizable M , we have K(M ) ≥ T K(N N ). Given a directed set P , a collection C of subsets of a space X is said to be 'Pordered' if we can write C = {C p : p ∈ P } such that p ≤ p ′ implies C p ⊆ C p ′ . Observe that if φ is a Tukey quotient of Q to P , then C is also a Q-ordered cover, indeed we can write C = {C ′ q : q ∈ Q} where C ′ q = C φ(q) . Further, if Q is a property that a collection of subsets of X might have, then we say that the collection C is P -Q if it can be P -ordered as C = {C p : p ∈ P } such that every subcollection C p has property Q.
Topological Preliminaries. Our topological notation is standard (see [7] for example) except we introduce the following uniform method for dealing with compactness and the Lindelof property. Let κ be a cardinal. We say that a space Y is '<κ-compact ' if every open cover of Y has a subcover of size <κ. Then '<ℵ 0 -compact' is standard compactness and '<ℵ 1 -compact' is the Lindelof property. Other less well known terms (such as 'almost subbase' and 'point network') will be defined below as it becomes appropriate. All spaces are assumed to be Tychonoff.
Almost Subbases, Bases, Networks and Point Networks
Almost Subbases. Almost subbases were introduced by Dimov [4] where, among other things, he used them to characterize the subspaces of Eberlein compacta. We follow his notation and terminology.
Let X be a space. Take any function f : X → [0, 1]. The zero set of f , denoted zero(f ), is f −1 {0}, while the cozero set of f , written coz(f ), is the complement in X of zero(f ). A subset S of X is a (co)zero set if it is the (co)zero set of some continuous function. Write Z(X) for the collection of zero subsets of X, and Coz(X) for the collection of cozero subsets. Let V be a subset of X. If there exists a collection U (V ) = {U n (V ) : n ∈ N} such that V = {U n (V ) : n ∈ N} and U n (V ) ⊆ U n+1 (V ), U 2n−1 (V ) ∈ Z(X), and U 2n ∈ Coz(X) for each n ∈ N, then we say that V is U -representable and the collection U (V ) is a U -representation of V . We record a simple but useful fact about U -representations. Proof. Note that α = {f −1 V (0, 1] : V ∈ α}, so α is a subset of α ′ . Hence α ′ is an almost subbase. It is straight forward to check (and observed in [5] ) that α ′ is F -separating.
We know α can be P -ordered, say as α = {α p : p ∈ P }, where every α p is point-<κ. Fix an enumeration {q n } n∈N of [0, 1] ∩ Q. For p in P and n in N, set α ′ p,n = {f −1 V (q i , 1] : i = 1, . . . , n, V ∈ α p }. It is clear that α ′ = {α ′ p,n : (p, n) ∈ P × N}, and α ′ p,n ⊆ α ′ p ′ ,n ′ when (p, n) ≤ (p ′ , n ′ ). So we have a (P × N)-ordering of α ′ . Further, for a fixed p, we know that α ′ p is point-<κ. So for a fixed i the collection {f V (q i , 1] : V ∈ α p } is also point-<κ. Hence, for any p in P and n in N, α ′ p,n , as a finite union of point-<κ collections, is point-<κ.
The next lemma is clear.
Lemma 4. Let X be a space, A a subspace of X, and P a directed set. Let α be a P -point-<κ almost subbase. Define α A = {V A : V A = V ∩ A, V ∈ α}, and U (V A ) = {U n (V ) ∩ A : n ∈ N}. Then α A is P -point-<κ almost subbase with respect to the stated U -representation for A.
Almost Subbases characterize Embeddings. For any free filter F on an infinite set X, write X(F ) for the space with underlying set X ∪ { * }, and topology where the points of X are isolated and neighborhoods of * are { * } ∪ U for U in F . We allow the possibility that F = P(X), in which case X(F ) has the discrete topology. Write A(κ), for the case X = κ, an infinite cardinal, and F = {(κ \ F ) : F is a finite subset of κ}. It is the one point compactification of a discrete space of size κ. Write L(κ), for the case X = κ and F = {(ω 1 \ C) : C is a countable subset of κ}. It is the one point Lindelofication of a discrete space of size κ.
Recall that for any space X, C p (X) is the subspace of R X consisting of all continuous f : X → R. When X = X(F ), write C p (X, * ) for all continuous f : X → R such that f ( * ) = 0. It is easy to check that C p (X(F )) and C p (X(F ), * ) are homeomorphic.
Then it is clear that the standard Σ-product of κ many lines, ΣR κ is homeomorphic to C p (L(κ)), while the standard Σ * product of κ many lines, is homeomorphic to C p (A(κ)).
By definition a compact space is Corson compact if and only if it embeds in some Σ-product, and so if and only if it embeds in some C p (L(κ)). It is well known that a compact space is Eberlein compact if and only if it embeds in some Σ * product, and so if and only if it embeds in some C p (A(κ)).
Mercourakis [11] and Sokolov [14] have shown that a compact space is Talagrand (respectively, Gulko) compact if and only if it embeds in some C p (X(F )) where X(F ) has an N N -ordered cover by compact sets (respectively, where X(F ) has a K(M )-ordered compact cover, for some separable metrizable space M ).
Theorem 5. Let P be a directed set and κ an infinite cardinal.
(1) Every space Y which embeds in some C p (X(F )) where X(F ) has a P -ordered cover by <κ-compact sets has a (P × N)-point-<κ almost subbase.
(2) Every space Y with a P -point-<κ almost subbase embeds in some C p (X(F )) where X(F ) has a (P × N)-ordered cover by <κ-compact sets.
If P is not countably directed then 'P × N' can be replaced simply by 'P ' in both (1) and (2) .
Proof. For claim (1) suppose C = {C p : p ∈ P } is a P -ordered cover of X(F ) by <κ-compact sets. By Lemma 4 it will suffice to show that C p (X(F ), * ) has a (P × N)-point-<κ almost subbase.
Let B = {B n : n ∈ N} be a countable base of R \ {0} consisting of open intervals such that B n ⊆ R \ [−1/n, 1/n]. For points x 1 , . . . , x m in X(F ) and open intervals S 1 , . . . , S m of R let O(x 1 , . . . , x m ; S 1 , . . . , S m ) = {f ∈ C p (X(F ), * ) :
For any p ∈ P and n ∈ N, let O p,n = {O(x 1 , . . . , x m ; S 1 , . . . , S m ) : x i ∈ C p and each S i is either one of B 1 , . . . , B n or (
We will verify that every family O p,n is point-<κ, and hence O = {O p,n : p ∈ P and n ∈ N} is (P × N)-point-<κ.
Suppose, for contradiction, O p,n is not point-<κ for some p ∈ P and n ∈ N, in other words there is an f ∈ C p (X(F ), * ) and {O β : β < κ} ⊆ O p,n such that f ∈ O β for each β < κ. Since κ ≥ ℵ 0 , there must be a κ sized subset {x γ : γ < κ} ⊆ C p such that f (x γ ) ∈ B for some B from either B 1 , . . . , B n , or (−∞, −1/j) or (1/j, ∞) with j = 1, . . . , n. Hence |f (x γ )| > 1/n for each γ < κ which contradicts the fact that C p is <κ-compact.
We now show that O is an almost subbase of
: n ∈ N with x i ∈ U n (S i ) and S i ∈ B ∪ {(−∞, −1/j), (1/j, +∞) : j ∈ N} for i = 1, . . . , m}.
Next we establish that O∪{C p (X(F ), * )\U 2n−1 (V ) : V ∈ O, n ∈ N} is a subbase of C p (X(F ), * ). We take f ∈ C p (X(F ), * ) and a basic open neighborhood of f , namely, O(x 1 , . . . , x k : I 1 , . . . , I k ) with I 1 , . . . , I k being open intervals. Then there exists p ∈ P such that x 1 , . . . , x k ∈ C p . Relist the sets of points {x 1 , . . . , x k } as {x 1 , . . . , x ℓ1 } ∪ {y 1 , . . . , y ℓ2 } such that f (x i ) = 0 for i = 1, . . . , ℓ 1 and f (y i ) = 0 for i = 1, . . . , ℓ 2 . Relist the intervals I 1 , . . . , I k as I 1 , . . . , I ℓ1 andÎ 1 , . . . ,Î ℓ2 with x i ∈ I i and y j ∈Î ℓ for i = 1, . . . , ℓ 1 and j = 1, . . . , ℓ 2 .
We will show we can choose
For claim (2) suppose Y is a space with a P -point-< κ almost subbase. Let Q = P × N. By Lemma 3 there is an F -separating Q-point-<κ almost subbase for Y , say α = {α q : q ∈ Q}. For each V ∈ α, let U (V ) be the corresponding Urepresentation of V . We show Y can be embedded in a C p (X(F )) where X(F ) has a (Q × N)-ordered compact cover. Since N = T N × N, we see that Q × N = T P × N. So X(F ) has a (P × N)-ordered compact cover, as desired.
For any n ∈ N and V ∈ α there exists a continuous function a V n : Y → R with a V n (y) = 1 for y ∈ U 2n−1 (V ) and a V n (y) = 0 for y ∈ Y \ U 2n (V ). By Lemma 1, we can assume that a n (x) = 1 for all x / ∈ U 2n−1 (V ). Let X = {a V n : n ∈ N and V ∈ α}.
Let C q,n = {a V i : i ≤ n and V ∈ α q } for n ∈ N and q ∈ Q. Then we can see that, if (q, n) ≤ (q ′ , n ′ ) then C q,n ⊆ C q ′ ,n ′ . Then we define a collection F of subsets of X as F ∈ F if and only if C q,n \ F has cardinality <κ for each q ∈ Q and n ∈ N. For each q ∈ Q and n ∈ N, we can see that C q,n is a <κ-compact subset of X(F ). Also, we can see that: (i) if
also has cardinality <κ for each q and n, in other words, F 1 ∩ F 2 is in F ; and (ii) if F 1 ∈ F and F 1 ⊆ F 2 , then C q,n \ F 2 has size <κ for each q, n, so F 2 is in F . The space X(F ) evidently has a Q × N-ordered cover, {C q,n : q ∈ Q, n ∈ N}, of <κ-compact sets. It remains to show that Y can be embedded in C p (X(F )).
We define a mapping H :
Since α q is point-<κ for each q ∈ Q, H(y)(a V n ) = 0 only at <κ many a V n for each q ∈ Q and n ∈ N. So H(y) is continuous on the space X(F ) for each y ∈ Y . Hence H is a well-defined map from Y into C p (X(F )).
We will show that the mapping H is injective, continuous, and open onto its image. We take distinct y 1 , y 2 ∈ Y . Since α is F -separating (interchanging y 1 and y 2 if necessary) there exists a V ∈ α such that y 1 ∈ V and y 2 / ∈ V . Then there exists N ∈ N such that x ∈ U 2N −1 (V ), and H(
is an open subset of Y . Therefore, the mapping H is continuous.
Since the mapping H is injective and α is an almost subbase, to show H is onto its image it is enough to show that H(V ) and H(Y \ U 2n−1 (V )) are open for every V ∈ α and n ∈ N. By the definition of H, we can see that, for each n ∈ N, V ∈ α and for each y ∈ Y , H(y)(a
Finally, take any y ∈ H(Y \ U 2n−1 (V )). Let y = H −1 (y), and note a
, and the proof is complete.
Almost Subbases give Bases. Let C be a family of sets. For any x, write (C) x = {C ∈ C : x ∈ C}. The collection C is said to be <κ-Noetherian if every subcollection of C which is well-ordered by ⊆ has the cardinality <κ. The family is said to be additively <κ-Noetherian if the collection of all unions of members of the family is <κ-Noetherian. We extend the notation to say that C is κ-Noetherian (resp. additively κ-Noetherian) if C is < κ + -Noetherian (resp. additively < κ + -Noetherian). Instead of (additively) < ℵ 0 -Noetherian we simply say (additively) Noetherian.
Lemma 6. Let C be a family of sets. The following are equivalent:
(1) C is additively <κ-Noetherian,
the collection of all <κ unions of members of C is <κ-Noetherian, (3) every ≥ κ subcollection, say C 2 , of C contains a κ sized subcollection C 1 with a <κ sized subcollection C 0 such that C 0 ⊇ C 1 , and (4) it is not possible to find for all α < κ, sets C α from C and points x α , such that for all β < α < κ the point x α is in C α but not in C β .
Proof. It is easy to verify that (1) implies (2) .
We show (2) implies (3). Take any subcollection C 2 of C of size at least κ. Take any (exactly) κ-sized subcollection C 1 = {C α : α < κ} of C 2 . For each α in κ, letĈ α = {C β : β ≤ α}. Then eachĈ α is a <κ union of elements of C, and if α ′ < α thenĈ α ′ ⊆Ĉ α . So by (2) , there must be an α 0 such that for all α ≥ α 0 we haveĈ α0 =Ĉ α . Thus C 0 = {C β : β ≤ α 0 } is a <κ subcollection of C 1 such that C 0 ⊇ C 1 , as required for (3). Next we show that ¬(4) implies ¬(3). We know that there is a family of elements of C and points, {(C α , x α ) : α ∈ κ} as in the statement of (4). Let C 2 = {C α : α ∈ κ}. Take any κ sized subcollection
Thus the negation of (3) holds. Finally we show ¬(1) implies ¬(4). Suppose we have a κ sized subfamily C 1 of C which is well-ordered by (strict) inclusion. By transfinite induction we can easily find, for each α < κ, a C α in C 1 such that D α = C α \ {C β : β < α} = ∅. Picking x α ∈ D α , for each α in κ, yields the sets C α and points x α required to negate (4).
Theorem 7.
Every productively <κ-compact space with a P -point-<κ almost subbase has a (P × N)-point additively <κ-Noetherian base.
Proof. Let X be a productively <κ-compact space which has a P -point-<κ almost subbase α. So α = {α p : p ∈ P } where each α p is point-<κ, α p ⊆ α p ′ if p ≤ p ′ , and the collection S = α ∪ {X \ U 2n−1 (V ) : V ∈ α, n ∈ N} is a subbase for X. Let B be the base for X consisting of all finite non-empty intersections of members of S. Then naturally we write B = {B p,m : m ∈ N and p ∈ P } where B is is B p,m if and
We show that B p,m is point additively <κ-Noetherian. To this end, fix x in X and any ≥ κ sized subset B ′ of (B p,m ) x . Take any subcollection B 1 with exactly κ many elements. Since α p is point-<κ, we can suppose there is a fixed finite subset α ′ of (α p ) x and a fixed k ∈ N such that every B in B has the form
where each A(B, i) is a closed member of U (α p ). Since X is productively <κ-compact, the space X k is <κ-compact. We will show there is a <κ sized collection B 0 contained in B 1 such that B 0 ⊇ B 1 , thereby verifying that B p,m satisfies claim (3) of the preceeding lemma.
By definition of B p,m , the collection {A(B, i) :
} is a point-<κ family of closed subsets in X k . Since B 1 has cardinality κ, the collection C also has cardinality κ, hence it must have empty intersection. By <κ-compactness of X k , C can not have the κ Intersection Property. So there is a <κ sized subcollection
Hence B 0 has cardinality <κ. Take any y in some element of B 1 , say
. . , k, and so we have y ∈ B C ⋆ . Thus B 0 ⊇ B 1 , as required.
Expandable Networks and Point Networks. Let X be a space. An expandable network for X is a collection N of pairs of subsets (N, V ) of X, where
′ } is an expandable network. The interest in expandable networks (as with almost subbases) comes when they are structured as a P -Q family.
Extending our previous notation and definition, let P be a family of pairs of subsets of a set X, then for any x, write (P) x = {(P 1 , P 2 ) ∈ P : x ∈ P 2 }, and we say that P is point-<κ if for every x in X the set (P) x has size <κ. Dow, Junnila and Pelant [6] showed that a compact space is Eberlein compact if and only if it has a ω-point finite expandable network.
Point networks are the natural local version of expandable networks. A point network (respectively, strong point network) for X is a collection W = {W(x) : x ∈ X} where each W(x) is a collection of subsets of X containing x such that if for every point x of X contained in an open set U there is an open V containing x and contained in U such that for every y in V there is a W ∈ W(y) such that x ∈ W ⊆ U (respectively, x ∈ W ⊆ V ). We note that we can take U and V to be basic. Point networks are also known as 'condition (F)', and as the 'Collins-Roscoe structuring mechanism' after the authors who introduced them [3] . The term 'point network' was suggested by Gruenhage. If Q is a property that can be reasonably applied to a family of subsets of a space then we say a space X has a Q (strong) point network if it has a (strong) point network W such that for each W(x) the property Q holds.
Let W be a (strong) point network for a space X. We can further structure the (strong) point network W analogously to a P -Q expandable networks. Formally, let P be a directed set, and Q be as above. We say that W for X is a P -Q (strong) point network if for each point x in X, we can write
, and if some point x is in an open set U , then there is an open set V = V (x, U ) containing x and contained in U and a p = p(x, U ) from P such that if y ∈ V then there is a W ∈ W p (y) such that x ∈ W ⊆ U (respectively, x ∈ W ⊆ V ). Note that a '1-Q (strong) point network' is exactly the same as a 'Q (strong) point network' from above.
Bases give Expandable Networks, give Strong Point Networks. The proof of the next lemma demonstrating how P -Q bases give P -Q expandable networks can safely be left to the reader. 
Thus a space with a P -Q base has a P -Q expandable network.
Now we show that P -Q expandable networks give P -Q strong point networks. It should be evident that a P -Q strong point network is a P -Q point network.
Now take any open set U containing a point
Combining the previous two lemmas we know if a space X has a P -Q base B = {B p : p ∈ P } then it has a P -Q strong network. Indeed, we can take
Stability of Point Networks. Let Q be a property that can be reasonably applied to families of subsets of a topological space. We say that Q is hereditary if whenever A is a subspace of X and C is a family of subsets of X satisfying Q, then their traces onto A, C A = {C ∩ A : C ∈ C} is a family of subsets of A also satisfying Q. We say that Q is (finitely) productive if whenever C is a family of subsets of X satisfying Q and C ′ is a family of subsets of Y satisfying Q, then the collection of subsets of
Finally we say Q is preserved by images if whenever C is a collection of subsets of a space X which satisfies Q, and f is a continuous map of X into a space
The next proposition is straight forward. Note for claim (2) that for any directed set P we have P ≥ T P × P , which is why the natural (P × P )-Q (strong) point network for X × Y is in fact a P -Q (strong) point network.
Proposition 10. (1) Let Q be hereditary. If a space X has a P -Q (strong) point network then so does every subspace of X.
(2) Let Q be productive. If spaces X and Y have a P -Q (strong) point network, then X × Y also has a P -Q (strong) point network.
Invariance under maps requires a little more work.
Proposition 11. Let κ be an infinite cardinal. Let f : X → Y be a closed surjection with <κ compact fibers. Let P be a <κ directed set, and Q is a property preserved by taking images.
Then Y has a P -Q point network provided that X has a P -Q point network.
We verify that W Y is a P -Q point network of Y . Take y ∈ U where U is an open subset in Y . By the definition of P -Q point network, for any x ∈ f −1 (y), there exist V (x, f −1 (U )) and p(x, f −1 (U )) such that for anyx ∈ V (x, f −1 (U )), there exists W ∈ W p(x,f −1 (U)) (x) such that x ∈ W ⊆ U . By hypothesis, f −1 (y) is <κ compact. Hence, there is a τ < κ such that for each α < τ there exists
Since, by hypothesis, P is <κ directed and τ < κ,
Lemma 12. For any cardinal κ:
(1) the property Q = '<κ' (has size strictly less than κ) is hereditary, productive and preserved by images, (2) the property Q = 'additively <κ-Noetherian' is hereditary and preserved by images, while (3) the property 'additively Noetherian' is productive.
Proof. Claim (1) is immediate, as is the fact that additively < κ-Noetherian is hereditary. Claim (3) was established by Nyikos in [12] . We indicate why additively <κ-Noetherian is preserved by images. Fix spaces X and Y , a collection C of subsets of X, and a map f of X into Y . Applying clause (4) of Lemma 6 it is simple to see that if f (C) is not additively <κ-Noetherian then neither is C.
Recall that in this paper all partial orders P are directed (in other words, <ℵ 0 directed), and note that the trivial partial order 1 is (trivially!) <κ directed for all κ. Thus we deduce:
( Covering Properties From Point Networks. A space is said to be P -meta <κ compact if and only if every open cover has a P -point <κ open refinement. Let us abbreviate 'P -meta < ℵ 0 compact' to 'P -metacompact'. Note that a space is metacompact if and only if it is 1-metacompact, σ-metacompact if and only if it is N-metacompact, and is metaLindelof if and only if it is 1-meta <ℵ 1 compact.
Theorem 14.
If a space has a P -additively <κ Noetherian point network then it is P -meta <κ compact.
, and this whole structure is a point network for a space X.
We show X is P -meta < κ compact. To this end take any open cover of X say U = {U α : α < τ }. For each α and p ∈ P define V α,p = {V (x, U α ) : x ∈ U α \ {U β : β < α}, p(x, U α ) = p}. Set V ≤p = {V α,p ′ : α < τ, p ′ ≤ p}, and
Then
But by Lemma 6 (4) this explicitly contradicts the fact that W p (y) is <κ additively Noetherian.
From Proposition 10 and Lemma 12 we see:
(1) For any κ, a space with a P -additively < κ Noetherian point network is hereditarily P -meta <κ compact.
(2) A finite product of spaces each with a P -additively Noetherian point network is (hereditarily) P -metacompact.
For Compacta, Off Diagonal Covering Properties give Almost Subbases. For a compact space X we have shown that if X has a suitable almost subbase then it is hereditarily P -meta < κ compact, for some directed set P and infinite cardinal κ. We now attempt to close the loop and prove:
Theorem 16. Let X be a compact space. If X 2 \ ∆ is P -meta <κ compact then X has a (P × N)-point <κ almost subbase.
The proof is essentially the same as that given by Garcia et al in [8] for the case when P = K(M ), which in turn was a straightforward extension of Gruenhage's original argument for the P = N case. Consequently we only sketch the proof for general directed sets P . We start with a lemma which is the P -analogue of Proposition 8 of [8] .
Lemma 17. Let X be a P -meta <κ compact, locally compact space, and let B be a basis for X. Then X has a subcover B ′ ⊆ B such that {B : B ∈ B ′ } is a P -point <κ family.
The proof of this lemma is identical to that of Proposition 8 of [8] , it suffices to replace references in that argument of 'point finite' with 'point <κ' and 'K ∈ K(M )' with 'p ∈ P ' -nothing specific about the partial order of set inclusion on K(M ) is used.
Our Theorem 16 is essentially the content of the implication '(ii) implies (i)' of Theorem 9 of [8] . We follow their argument making the necessary adjustments.
Proof. Since X 2 \ ∆ is P -meta <κ compact, applying Lemma 17 to B = {U × V : U, V are cozero subsets of X such that U ∩ V = ∅} and tidying, we obtain a cover P = {U γ × V γ : γ ∈ A} of X 2 \ ∆ with the following properties: (a) U γ and V γ are
Suppose X = {p α : α < µ} where µ = d(X) (the minimal size of a dense set of X). Set, for each α < µ, X α = {p β : β < α} and U α = { γ∈F U γ : F ⊆ A and {V γ : γ ∈ F } is a finite minimal cover of X α }.
Note that U α covers X \X α . Then the family U = {U β : β < µ} is T 0 -separating as in [9] (Theorem 2.2, Claim 2) . Since the elements of U are cozero sets, and X is compact, we deduce that U is an almost subbase for X.
It remains to show that U is a (P × N)-point <κ family. Well we know that A = {A p : p ∈ P } where A p ⊆ A q whenever p ≤ q and each family {U γ × V γ : γ ∈ A p } is point < κ.
Fix p in P and n in N. For any α, let U p α,n be all members of U α whose index set F has size ≤ n and is contained in
To complete the proof we will show that U p n is point-<κ. Suppose, for a contradiction, that for some point x in X and each ρ < κ there are β ρ < µ and sets
Since for every ρ < κ we have |F ρ | ≤ n and all the F ρ 's are different, we may assume that {F ρ : ρ < κ} form a ∆-system with root R. Pick y ∈ X β0 \ {V γ : γ ∈ R}. Then for each ρ there is a δ(ρ) ∈ F ρ \ R with y ∈ V δ(ρ) . But then (x, y) ∈ {U δ(ρ) × V δ(ρ) : ρ < κ} and for all ρ, δ(ρ) is in A p , which contradicts {U γ × V γ : γ ∈ A p } being point-<κ.
Characterizations, and an Application. Recall that a directed set is not countably directed (every countable subset has an upper bound) if and only if P ≥ T N. In particular N ≥ T N × N. Hence if P is not countably directed then P = T P × N n for every n in N. Applying this fact and Theorem 5, Theorem 7, Lemma 8, Lemma 9, Corollary 15, and Theorem 16, we establish the equivalence of claims (1) and (2) of the following theorem, and then the implications (2) implies (3), (3) implies (4), (4) implies (5), and (6) implies (2) (the implication (5) implies (6) being trivial).
Theorem 18. Let X be compact. Let P be a directed set which is not countably directed. Then the following are equivalent:
(
1) X embeds in a C p (X(F )) where X(F ) has a P -ordered compact cover, (2) X has a P -point finite almost subbase, (3) X has a P -point additively Noetherian base, (4) X has a P -point additively Noetherian expandable network, (5) X has a P -additively Noetherian strong point network, and (6) X has a P -additively Noetherian point network.
Essentially only one directed set P is not covered by the above theorem. To see this take any countably directed P and suppose (1) above holds: X embeds in a C p (X(F )) where X(F ) has a P -ordered compact cover. Since P is countably directed any countable subset of X(F ) must be contained in one of the elements of the P -ordered compact cover. It follows that X(F ) is countably compact. As X(F ) is paracompact, we see that X(F ) is compact. So we might as well take P = 1, and observe that X(F ) = A(κ) for some κ. Let us deal with this remaining case of P = 1. Proof. The equivalence of (0) and (1) -taking the definition of an Eberlein compact space to be one homeomorphic to a weakly compact subspace of a Banach space -is due to [1] . Taking P = 1 and recalling that N ≥ T N × N, by the same argument as above, we have (1) implies (2), (2) implies (3), (3) implies (4), (4) implies (5), (5) implies (6), and (6) implies (2). Theorem 5 tells us that X embeds in a C p (X(F )) where X(F ) is σ-compact (has an N-ordered compact cover). But it is well-known and not difficult to verify that C p (X(F )) is then homeomorphic (not linearly) to a subspace of some C p (A(κ)). So we get back to (1).
In addition to Amir and Lindenstruass' proof of the equivalence of (0) and (1) in Theorem 19, we should also mention that the equivalence of (1) and (2) is essentially Rosenthal's theorem [13] , and Junnila [10] established equivalence of (2) and (3).
For completeness we also highlight the cases of Theorem 18 for P = N N and P = K(M ) for some separable metrizable M . The equivalence of (0) and (1) above is due to [11, 14] .
Theorem 21. Let X be compact. Then the following are equivalent: (0) X is Gulko compact, (1) X embeds in a C p (X(F )) where X(F ) has a K(M )-ordered compact cover for some non-compact, separable metrizable M , Further, for a fixed non-compact, separable metrizable space M , the following are equivalent: (2) X has a K(M )-point finite almost subbase, (3) X has a K(M )-point additively Noetherian base, (4) X has a K(M )-point additively Noetherian expandable network, (5) X has a K(M )-additively Noetherian strong point network, and (6) X has a K(M )-additively Noetherian point network.
The equivalence of (0) and (1) above is due to [11, 14] . We observe that for a separable metrizable space M , the ordered set K(M ) is countably directed if and only if M is compact (in which case K(M ) = T 1).
The equivalence of condition (6) with the others in the theorems above has a pleasant application. Recall that P -additively Noetherian networks are preserved by perfect images (Corollary 13) to deduce:
Theorem 22. Let X be compact. Let P be a directed set which is either not countably directed or P = T 1. If X satisfies any of the equivalent conditions of Theorem 18, and Y is the continuous image of X then Y satisfies the same conditions.
Corollary 23. The continuous image of an Eberlein (respectively, Talagrand or Gulko) compact space is again Eberlein (respectively, Talagrand or Gulko).
We note there is nothing new about this result, but emphasize the uniform nature of the proofs for Eberlein, Talagrand and Gulko compacta, and mention again the simplicity of the proof in contrast to Rudin's argument for Eberlein compacta.
A Corson Counter-Example. All of the ingredients used in the proof of Theorem 18 remain true when we replace 'compact' with '<κ-compact' and 'finite' with '<κ'. Except one. In Lemma 12 (3) we only assert the productivity of 'additively Noetherian' and not the productivity of 'additively <κ Noetherian' for uncountable κ.
We give here an example of a compact space which shows that no analogue of Theorems 19, 20 or 21 holds for Corson compact spaces. Noting that a compact space X is Corson compact if and only if it embeds in some C p (L(κ)), and L(κ) has a 1-ordered cover by <ℵ 1 -compact sets, we see that the weakest conjecture is that a compact space is Corson if and only if it has a point additively ℵ 0 -Noetherian base.
Example 24. Let X be the Double Arrow space. Then X is compact, has a (point) additively ℵ 0 -Noetherian base but not Corson compact.
Proof. The Double Arrow space X is hereditarily separable but non-metrizable, so far from Corson compact. It is also hereditarily Lindelof. Let B be the collection of all open subsets of X. It is a base for X. The hereditary Lindelof property immediately shows that condition (3) of Lemma 6 holds for B with κ = ℵ 1 , so it is additively ℵ 0 -Noetherian, and a fortiori B is point additively ℵ 0 -Noetherian.
Why Calibre (ω 1 , ω) is Critical. Theorem 18 applies to all directed sets P which are not countably directed (and Theorem 19 essentially covers all the remaining directed sets). A natural question is to ask for which P is Theorem 18 'interesting' ? It is striking that this admittedly vague question has a clear answer: Theorem 18 is interesting if and only if P has calibre (ω 1 , ω).
A directed set P has calibre (κ + , κ) if for every κ + sized subcollection A of P there is a κ sized subset A 0 of A which has an upper bound in P . We note that K(M ) (and hence N N = T K(N N )) has calibre (ω 1 , ω). Informally, the following theorem says that in the case when P does not have calibre (ω 1 , ω) then far too many spaces satisfy the conditions of Theorem 18 for it to be of interest. But -provided we agree that Corson compacta are 'nice', and surely we do -the next result also says that when P does have calibre (ω 1 , ω) then compact spaces satisfying the conditions of Theorem 18 are 'nice'.
Theorem 25. Let P be a directed set.
(1) If P is not calibre (ω 1 , ω) then every space of weight ≤ ω 1 has a P -point finite base (and hence a P -point finite almost subbase, P -point additively Noetherian base/expandable network, and a P -additively Noetherian (strong) point network).
(2) If P has calibre (ω 1 , ω) and X is a compact space with a P -finite additively Noetherian point network (or a P -point finite almost subbase et cetera) then X is Corson compact.
Proof (1) . Take any space X with weight no more than ω 1 . Fix a base B for X where |B| ≤ ω 1 . List B, with repeats if necessary, as B = {B α : α < ω 1 }. Then
<ω -(point) finite base. But recall that a directed set P does not have calibre (ω 1 , ω) if and only if
<ω . Hence if P does not have calibre (ω 1 , ω) then every space of weight ≤ ω 1 has a P -point finite base, as claimed.
To prove the second claim we will use the following lemma of independent interest.
Lemma 26. Let P be a directed set with calibre (κ + , κ), and let C = {C p : p ∈ P } be a P -ordered collection.
(a) If each C p has size <κ, then C has size ≤ κ.
Proof. First suppose, for a contradiction, that C has size > κ but each C p has size <κ. Then by transfinite induction we can find, for every α < κ + , points x α and p α from P such that C α ∈ C pα but C α / ∈ C p β for any β < α. By calibre (κ + , κ) applied to {p α : α < κ + }, there is a κ sized subset S 0 of κ + and a p 0 in P such that p 0 is an upper bound of {p α : α ∈ S 0 }. But now we see that for every α in S 0 , the element C α is in C pα which is a subset of C p0 , and so C p0 must have size at least κ, contradicting our assumption on the size of the C p 's.
To prove (b), suppose, for a contradiction, that C is not additively ≤ κ Noetherian. By lemma 6 (4), we can find, for all α < κ + , sets C α from C and x α such that for all β < α < κ + the point x α is in C α but not in C β . For each α < κ + , we choose p α ∈ P such that C α ∈ C pα . Similarly, by calibre (κ + , κ) applied to {p α : α < κ + }, there is a κ sized subset S 0 of κ + and a p 0 in P such that p 0 is an upper bound of {p α : α ∈ S 0 }. But now we see that for every α in S 0 , the element x α is in C pα which is a subset of C p0 , and also, for all α, β ∈ S 0 with β < α, the point x α is in C α but not in C β . Applying lemma 6 (4) again, C p0 is not additively < κ Noetherian, contradicting our assumption on the C p 's.
Proof (2) . Suppose P has calibre (ω 1 , ω), and X is a compact space with a Padditively Noetherian point network. Then Z = X 2 also has a P -additively Noetherian point network, say W = {W(z) : z ∈ Z} where W(z) = {W p (z) : p ∈ P }. Then for each z in Z we see W(z) is a P -ordered collection of additively Noetherian sets, and so -by Lemma 26 -is ℵ 0 additively Noetherian. Hence Z = X 2 is hereditarily metaLindelof. And a compact space is Corson compact if and only if its square is hereditarily metaLindelof.
Constructing Small Expandable Networks, and Point Networks
The Problem. Our key theorem (Theorem 18) states that for a compact space X and directed set P ≥ T N, the space X has a P -point finite almost subbase if and only if it has a P -point additively Noetherian base (or expandable network), if and only if it has a P -additively Noetherian (strong) point network. There is an asymmetry here between the situation with almost subbases compared with bases, expandable networks and (strong) point networks. While finite families are additively Noetherian, the converse is not true. The natural problem is whether every compact space with a P -point finite almost subbase has a P -point finite base or expandable network, and a P -finite (strong) point network.
The problem has a negative solution for the 'base' version. Any space with a N-point finite base (or even point countable base) is clearly first countable. But A(ω 1 ), has a N-point finite almost subbase but is not first countable.
In this section we give solutions to the remaining parts of the problem which while incomplete cover the most important cases (when P = N, N N or K(M )). We first show that provided P has calibre (κ + , κ) then a space has a P -point <κ expandable network if and only if it has a P -point <κ strong point network. So only two questions remain.
For general directed sets P it is not clear to the authors that having a P -point finite almost subbase implies the existence of a P -point finite expandable network (or even a point network). But the partial orders motivating us, namely N, N N and K(M ), are not only partial orders but also have natural topologies (discrete, product and Vietoris, respectively) which interact nicely with their orders. So we briefly move away from point networks structured by a partial order and look at point networks structured by a topological space. We then discuss topological directed sets, and their connection with topological point networks. These preliminaries combine in the proof of the main result of this section, Theorem 34, which says that for suitable topological directed sets P (including our motivating examples), every space with a P -point finite almost subbase has a (P × N)-point finite expandable network.
Strong Point Networks give Expandable Networks.
Theorem 27. Let X be a space. Let P be a directed set with calibre (κ + , κ). Then the following are equivalent:
(1) X has a P -point-<κ expandable network, and (2) X has a P -<κ strong point network.
Proof.
(1) implies (2) is an instance of Lemma 9 (and does not require the calibre restriction on P ). We prove (2) implies (1). By hypothesis X has a P -<κ strong point network W = {W(x) : x ∈ X}, so we can write each W(x) = p∈P W p (x), where every
, and if a point x is in an open set U , then there is an open set V = V (x, U ) containing x and contained in U , and a p = p(x, U ) in P such that whenever y ∈ V then there is a W in W p (y) with x ∈ W ⊆ V .
We construct by transfinite induction for all α ∈ κ + , p in P and points x of X: collections A α and A α,≤p of pairs of points and open neighborhoods, a subset X α of X and a closed subset C x α of X as follows. Let C
We will show that N is an expandable network, and each N p is point-<κ.
Fix p. Observe that N p is point-<κ provided A ≤p is point-<κ, in the sense that for any point y the set (A ≤p ) y := {(x ′ , V ) ∈ A ≤p : y ∈ V } has size <κ. To establish A ≤p point-<κ we define an injection from (A ≤p ) y into W p (y), which we know has size <κ. Take any (x ′ , V ) in (A ≤p ) y . So y ∈ V , and by definition of a P -ordered strong point network there is a
is the desired injection. Well suppose (x 1 , V 1 ) and (x 2 , V 2 ) are in (A ≤p ) y . Let W i = W (xi,Vi) for i = 1, 2. Two cases arise. Suppose first both pairs are in some A α,≤p . Without loss of generality we can suppose x 1 / ∈ V 2 . Since x 1 / ∈ V 2 , we see W 1 ⊆ W 2 , and in particular W 1 = W 2 . Now suppose (x 1 , V 1 ) ∈ A α,≤p and (x 2 , V 2 ) ∈ A β,≤p where α < β. If W 1 = W 2 then x 2 ∈ V 1 and x 1 ∈ V 2 . But this leads to a contradiction because
in the second case as well as the first, and our map is indeed injective.
It remains to show that N is an expandable network. To this end take any point x in an open set U . We will show that x is in some X α . If so then, by definition of X α and C x α , the neighborhood V (x, U ) of x must meet {x ′ : ∃(x ′ , V ) ∈ β<α A β , x ∈ V }, and there is a point x ′ in V (x, U ), element p 0 , and (x ′ , V ) in A α,≤p0 with x ∈ V . Let p be an upper bound of p 0 and p(x, U ).
Suppose, for a contradiction, that for all α < κ + the point x is not in X α . Then for all α the point x is not in C x α . As A α is a maximal subcollection of
However A = p A ≤p , and for each p in P the set (A ≤p ) x has size <κ, so recalling that P has calibre (κ + , κ), applying Lemma 26 we see that there can only be ≤ κ many A α containing a pair (x ′ , V ) such that x ∈ V , contradiction. (2) for every x and z there is an open T around z such that W T (x) = {W z ′ (x) : z ′ ∈ T } has property Q.
Lemma 30. Let a space X have a Z-finite (strong) point network where Z is a space with P -ordered compact cover. Then X has a P -finite (strong) point network.
Proof. Let W = {W(x) : x ∈ X} where W(x) = z∈Z W z (x) be as in the definition of a Z-finite (strong) point network, and let Z = p∈P K p be a P -ordered compact cover of Z.
Fix x in X. For each z in Z fix the open set T z given by condition (1) . Fix p in P . As K p is compact some finite subcollection of {T z : z ∈ Z} covers K p . By condition (2) we see that W Kp (x) is finite (as a subset of a finite union of finite sets). LetŴ = {Ŵ(x) : x ∈ X} whereŴ(x) = pŴ p (x) andŴ p (x) = W Kp (x). We have just shown that eachŴ p (x) is finite, and then it is easy to checkŴ is the desired P -finite (strong) point network.
Topological Directed Sets. Topological point networks are relevant here because the directed sets we are most interested in carry natural topologies which interact with the order. We call a directed set with a topology a topological directed set. Any directed set becomes topological with the discrete topology. More usefully, N N with the product topology and any K(M ) with the Vietoris topology (where M is separable metrizable) are separable metrizable topological directed sets in which all down sets are compact and every convergent sequence has an upper bound.
In the next two lemmas we see how the topology of a topological directed set can influence the order, and vice versa.
Lemma 31. Let P be a topological directed sets which is Frechet-Urysohn, has countable extent, and every convergent sequence has an upper bound. Then P has calibre (ω 1 , ω).
Proof. Take any uncountable subset S of P . Since P is has countable extent, S is not a closed discrete subset, so there is a p in P which is in the closure of S \{p}. As P is Frechet-Urysohn, there is a sequence on S \ {p} converging to p. By hypothesis on P , this infinite sequence has an upper bound. Thus some infinite subset of S has an upper bound, as required for calibre (ω 1 , ω) to hold.
Lemma 32. Let P be a topological directed set which is first countable, and every convergent sequence has an upper bound. Let C be a P -finite collection of subsets of a space X. Then for any p ∈ P there exists an open neighborhood T of p such that {C q : q ∈ T } is finite.
Proof. Fix p in P . Since P is first countable we can fix {B n : n ∈ N} a local base at p. Suppose, for contradiction, that for any open neighborhood T of p the set {C q : q ∈ T } is infinite. Then for each n, we can find p n ∈ B n and C n ∈ C pn \ {C i : i < n}. Note that the sequence {p n : n ∈ N} converges to p. By hypothesis, there is p 0 ∈ P such that p n ≤ p 0 for all n. Since C is P -ordered, {C n : n ∈ N} is an infinite subcollection of C p0 which is a contradiction. Now we connect topological directed sets and the topological point networks of the previous section.
Lemma 33. Let P be a topological directed set in which down sets are compact. Then if a space X has a P -finite (strong) point network in the topological sense then it also has a P -finite (strong) point network in the order sense.
Proof. Since the down sets are compact and P = p∈P (↓ p), the space P has a P -ordered compact cover, so we can apply Lemma 30.
Some Almost Subbases give Small Expandable Networks.
Theorem 34. Let P be a topological directed set which is separable metrizable, down sets are compact and every convergent sequence has an upper bound.
If a space X has a P -point finite almost subbase then it has a (P × N)-point finite expandable network.
Proof. Let B be a countable base for P . Give Q = [B] <ω the discrete topology, and order it by ⊆. Note that P × N × Q is a topological directed set (with product partial order and topology) with the same properties hypothesized for P .
We will show that X has a (P × N × Q)-finite topological strong point network. Then, by Lemma 33, X has a (P × N × Q)-finite strong point network (in the order sense). Lemma 31 permits us to apply Lemma 27, and, after noting that P × N × Q = T P × N, the proof is complete.
Let α = {α p : p ∈ P } be an almost subbase for X where each α p is point-finite and
We assume, without loss of generality, that each α p is closed under finite intersections.
For any S ⊆ P write α S = {α p : p ∈ S}. Fix an enumeration of B. Because P has the relevant order and topological properties, we know (Lemma 32) that for every p in P and x in X there is a B in B containing p such that (α B ) x is finite. Let B(p, x) be the first member in the enumeration of B such that p ∈ B(p, x) and
We show that W = {W(x) : x ∈ X} is a (P × N × Q)-finite topological strong point network. To do so we need to check (1) and (2) in the definition. For (1) : Take any point x in an open set T . Since α ∪ {X \ U 2n−1 (A) : A ∈ α} is a subbase and P is directed, there is a
Then x is in V , which is open, and V ⊆ T .
Take any
Relabelling if necessary, we can let (p0,x) ,y . Then each element in this (finite) intersection is as required for W to be in W p(x,T ) (y) = W p0,M,{B(p0,x)} (y). Each element in the intersection contains x, so x is in W .
It remains to show that W is contained in V . Clearly W = V 0 ∩ V 1 ∩ W B(p0,x),y . So it suffices to see that W B(p0,x),y ⊆ V . But for i > p, as y / ∈ A i , by definition we see that W B(p0,x),y ⊆ X \ A i and Then the following are equivalent:
(1) X has a P -point finite almost subbase, (2) X has a P -point additively Noetherian base, (3) X has a P -point finite expandable network, (4) X has a P -finite strong point network, and (5) X has a P -finite point network.
Theorem 36. Let X be compact. Then the following are equivalent: (0) X is Eberlein compact, (1) X has a N-point finite almost subbase, (2) X has a N-point finite expandable network, and (3) X has a N-finite point network.
As mentioned above, the equivalence of (0) and (2) is due to [6] . (1), (2) and (3) M is some separable metrizable space.
At first glance the equivalence of (0) and (2) in the preceding two results correspond to results of Garcia, Oncina and Orihuela [8] . However Garcia et al used a variant of expandable networks that we shall call expandable networks * and established that a compact space is Gulko (respectively, Talagrand) if and only it has a P -point finite expandable network * for P = some K(M ) (respectively, P = N N ). Let N be a family of subsets of a space X. Then N is a P -point finite expandable network * if it can be indexed N = {N i : i ∈ I} where I = {I p : p ∈ P } and for every i ∈ I there exists an open set
for any x ∈ X and p ∈ P , the set {i : i ∈ I p and x ∈ V i } is finite, and (c) for any open set U containing a point x of X, there is an N in N such that x ∈ N ⊆ U .
In the opinion of the authors our definitions of 'expandable network' and 'Ppoint-finite' are the most natural ones. It is certainly what we need for the results of this paper, and in particular there is no natural connexion between an expandable network * and point networks. Of course Theorems 37, and 38 say that the two concepts coincide where the authors of [8] used them.
Without Compactness. Theorem 35 is stated for compact spaces. However the implications '(1) =⇒ (2)', '(3) ⇐⇒ (4)', and '(4) =⇒ (5)' all hold for general spaces. The authors do not know of an example when condition (5) does not give condition (4) .
The following example gives a strong (non-compact) counter-example to '(3) =⇒ (2)' with P = N.
Lemma 39. There is a countable space with a point finite expandable network but no N-point additively Noetherian base.
Proof. Let F ω be the Frechet fan. So F ω is obtained from ω × (ω + 1) by identifying the end points (m, ω) to a point * . Let N = {({(m, n)}, {(m, n)}) : m, n ∈ ω} ∪ {({ * }, F ω )}. This can easily be checked to be a point finite expandable network.
To complete the proof we show that * has no N-additively Noetherian base. If U is an open neighborhood of * define f U in ω ω by f U (m) = min{n : (m, n) ∈ U }. Conversely, if g ∈ ω ω then define U g = {(m, n) : g(m) ≤ n} ∪ { * } an open neighborhood of * .
Suppose {B n : n ∈ N} is a neighborhood base for * . We show there is an N such that B N is not additively Noetherian. Observe that {F n : n ∈ N} where F n = {f U : U ∈ B n } is a dominating family in (ω ω , ≤ * ) (here ≤ * is the mod-finite order). So for some N we have that F N is dominating in (ω ω , ≤ * ). Let B = B N and F = F N . Hence there is a G = {g α : α < b} a subset of F such that G is unbounded and g α < * g β if α < β, where b is the minimal size of an unbounded family in (ω ω , ≤ * ). Define, by recursion, a decreasing sequence (S n ) n∈ω of cofinal subsets of b such that, for all α ∈ S n , g α (n) = k n , for some fixed k n . Define k in ω ω by k(n) = k n . Set n 0 = 0. As G is unbounded, and S 0 is cofinal in b, there is an α 0 in S 0 such that g α0 ≤ * k. So, for infinitely many n, k(n) < g α0 (n). Let n 1 be the first such n. Next choose α 1 ∈ S n1 , α 0 < α 1 . Then g α0 < * g α1 and g α1 (n 1 ) = k(n 1 ) < g α0 (n 1 ). And now choose n 2 > n 1 such that k(n 2 ) < g α0 (n 2 ) < g α1 (n 2 ).
Proceeding inductively, we find a strictly increasing sequence of ordinals (α i ) i∈ω and integers (n i ) i such that, for every p ∈ ω, g αp (n p ) = k(n p ) < min{g αi (n p ) : 0 ≤ i < p} and (g αi ) i is strictly increasing with respect to < * . The g αi 's are in F , and hence of the form g αi = f Ui for some U i in B. So, by definition of f Ui , for each p, (n p , g αp (n p )) ∈ U p , but, since g αp (n p ) < min{g αi (n p ) : 0 ≤ i < p}, for i < p, we have (n p , g αp (n p )) / ∈ U i . From the last line and Lemma 6 (4), it follows that B = B N is not additively Noetherian, as desired.
Our last example shows that for non-compact spaces condition (2) does not imply (5), even with P = 1 in the hypothesis and 'P calibre (ω 1 , ω)' in the conclusion.
Lemma 40. There is a space with point additively Noetherian base but no countable point network, and hence no P -finite point network for any P with calibre (ω 1 , ω).
Proof. Let X = {0, 1} ω1 . For any x ∈ X, a basic open neighborhood of x is B α (x) = {y : y(γ) = x(γ) for all γ < α} for α < ω 1 . Then B = {B α (x) : x ∈ X and α < ω 1 } is a base. Note that: (1) given any two elements of B, either they have empty intersection or one is a subset of the other; (2) any countable intersection of B is either empty or in B; and (3) any countable subset of X is closed and discrete. For any x, y ∈ X, x ∈ B α (y) implies that B α (x) = B α (y).
Therefore, for any x ∈ X, (B) x = {B α (x)}. We can see that, (B) x ordered by reverse inclusion is order-isomorphic to ω 1 . So B is point additively Noetherian.
Suppose, for a contradiction, that X has a countable point network, W = {W(x) : x ∈ X}. Also, for each x ∈ X and an open set U containing x, we have the corresponding V (x, U ). We can assume that V (x, U ) is in B.
Pick x 0 ∈ X, and let V 0 = V (x 0 , X). If α is a successor, pick x α ∈ V α − and x α = x β for all β < α, and also let V α be a basic open neighborhood of x α which is a subset of V (x α , V α − ) ∩ B α (x α ) \ {x β : β < α}. If α is a limit ordinal, pick x α ∈ {V β : β < α} also x α = x β for all β < α, and let V α be a basic open neighborhood of x α which is a subset of V (x α , {V β : β < α}) ∩ B α (x α ) \ {x β : β < α}. We get a transfinite sequence of points {x α : α < ω 1 }, together with a decreasing transfinite sequence of basic open sets {V α : α < ω 1 }. Note that {V α : α < ω 1 } is not empty. Then there is a y ∈ {V α : α < ω 1 }. For each α < ω 1 , there is a W α ∈ W(y) such that x α+1 ∈ W α ⊆ V α . Since W(y) is countable, there exists an uncountable subset A of ω 1 such that W α is a fixed W for each α ∈ A. Since y ∈ B α (x α ), B α (x α ) = B α (y). Choose β ∈ A, then x β+1 ∈ W . Since x β+1 = y and A is uncountable, we can find γ ∈ A such that x β+1 / ∈ B γ (y). However, since y ∈ V (x γ+1 , V γ ), we have W ⊆ V γ which is a subset of B γ (y) which contradicts the fact x β+1 / ∈ B γ (y). This complete the proof.
